A trivial consequence of the above is that a function / is convex if and only if zf is starlike. As a result, all theorems on convex functions will yield results on starlike functions, and conversely.
In what follows, we shall assume that the functions under consideration are normalized. That is, /(0) = 0, /'(0) = 1. This is no essential restriction, for if g(z) is any univalent function defined on the unit disc, then /(») = («(«) -g(0))/g' (0) is a normalized, univalent function. We shall for simplicity occasionally assume in addition that/" (0)^0. Again, this is no restriction, for by appropriate choice of 0, f(z) =e~iBg(ewz) will have a real and nonnegative second derivative at 0.
Loewner [2] proved that for a convex function f(z)=z-j-• • ■ , \f'(z)\ ^1/(1-r)2, \z\ =r. Theorem 1 improves upon this result to give growth estimates of /' involving the second coefficient in the power series expansion off. First we state and prove an iterated form of Schwarz' Lemma. This function (2) maps the unit disc onto a sector of opening angle pw, the apex of the sector lying at a point of modulus l/2p, and 0 lying on the axis of symmetry.
Proof. That (2) maps the unit disc as indicated above can be seen through the Schwarz-Christoffel representation for mappings onto
Consequently, / maps onto a 2-sided polygon (sector) whose exterior angle at the apex is (1 -p)w. Hence the interior angle is pir. The remaining details of this mapping are easily verified.
We can, as before, perform a rotation in the z-and w-planes so that o2 = p>0. So/(z)=z-hoz2+a3z3+
We shall show that <j>(z)^0. In fact, we shall show even more, that d<b/dr SO for z t± 0.
Let us note that 0(0) =0, and that <b is continuous in z. Now
r(d<b/dr) = Re{s/7/'} -2r(r + P)/(l -r2). Thus by (3) r(d<b/dr) g 0.
This completes the proof that l ri + rl»
If equality is attained at a point, an investigation of the above proof shows that h(z) must achieve the estimate for it along a ray. Then, as in Lemma 1, h is determined up to a rotational constant:
From this it follows that (4) fi») = (e-«/2p)([il+e«z)/il -e«z)\> -1).
We observe the following well-known2 result:
Proof. An odd function has vanishing even coefficients, and on setting a2 = p = 0 in (1) we obtain the result. This estimate is sharp. Proof. As we remarked in the preliminaries, it is no loss of generaity to assume as we have here that a2 = p = 0. The result follows on integration of (1). The same function (4) is extremal for both Theorem 1 and this corollary. (1 + eiBz)(l + e~iez) = --, e<° + <T" = 2p.
(
The range off is thus a 4-sided polygon with exterior angles (2-\-p)ir, -ir, (2 -p)ir, -ir. It is then easily seen that this polygon is the entire plane minus two radial slits extending to °o. The two slits make an angle of (1 -p)7r with one another. But then by (5), (7) (d/dr) log I f'(z) I fc -2(r + P)/(l + 2Pr + r2).
On integrating (7) with respect to r, and then exponentiating, we obtain I/(f) I ^ 1/(1 + 2pr + r2).
If p < 1, the function 1 /l -er«>z\ 2j sin 6 \ 1 -e,9z / is convex and achieves the estimate of the theorem along the negative real axis from 0 to -1. By considering the Schwarz-Christofrel representation, it is seen that this function maps the unit disc onto an infinite strip, of width 7r/(2 sin 8), with the image of the origin lying at distancesfrom the two parallel boundarylines(7r-0)/(2sin0),0/(2sin0) respectively.
If p = l, the function f(z)-z/(l-z) achieves the estimate of the theorem along the negative real axis from 0 to -1. This function maps the unit disc onto a half plane. Proof. The proof is exactly the same as the proof of Corollary 1.3. The function which shows the estimate to be sharp is z/(l-f-pz-|-z2). when we apply the estimate of Theorem 1 for |/|. Again, the extremal function of Theorem 1 achieves this estimate.
The author is deeply indebted to his thesis adviser, Professor Charles Loewner, for his guidance and help in this work, which is part author's Doctoral dissertation.
